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Nonlocal symmetries and conservation laws of the coupled Hirota equation
Xiangpeng Xin a,∗
a School of Mathematical Sciences, Liaocheng University, Liaocheng 252059, People’s Republic of China
Abstract
Using the lax pair, nonlocal symmetry of the coupled Hirota equation is obtained. By introducing an appropri-
ate auxiliary dependent variable the nonlocal symmetry is successfully localized to a Lie point symmetry. For
the closed prolongation, one-dimensional optimal systems and nonlocal conservation laws of the coupled Hirota
equation are studied.
Keywords: Nonlocal symmetry, Optimal system, Conservation laws.
1. Introduction
The Lie symmetries[1–6] and their various generalizations have become an important subject in mathematics
and physics. One can reduce the dimensions of partial differential equations(PDEs) and proceed to construct
analytical solutions by using classical or non-classical Lie symmetries. However, with all its importance and power,
the traditional Lie approach does not provide all the answers to mounting challenges of the modern nonlinear
physics. In the 80s of the last century, there exist so-called nonlocal symmetries which entered the literature
largely through the work of Olver[7]. Compared with the local symmetries, little importance is attached to the
existence and applications of the nonlocal ones. The reason lies in that nonlocal symmetries are difficult to find
and similarity reductions cannot be directly calculated. Many researchers[8–10] have done a lot of work in this
area, references[11–13] give a direct way to solve this problem which so-called localization method of nonlocal
symmetries. I.e. the original system is prolonged to a larger system such that the nonlocal symmetry of the original
model becomes a local one of the prolonged system. When we get the Lie symmetries of prolonged system, there
will correspond a family of group-invariant solutions. Since there are almost always an infinite number of such
subgroups, it is not usually feasible to list all possible group-invariant solutions to the system. Hence, the optimal
system[2, 14–17] of group-invariant solutions should be constructed.
Conservation laws are used for the development of appropriate numerical methods and for mathematical anal-
ysis, in particular, existence,uniqueness and stability analysis. It can lead to some new integrable systems via
reciprocal transformation. The famous Noether’s theorem[18] provides a systematic way of determining conser-
vation laws, for Euler-Lagrange differential equations, to each Noether symmetry associated with the Lagrangian
there corresponds a conservation law which can be determined explicitly by a formula. But this theorem relies
on the availability of classical Lagrangians. To find conservation laws of differential equations without classical
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Lagrangians, researchers have made various generalizations of Noether’s theorem. Steudel[19] writes a conser-
vation law in characteristic form, where the characteristics are the multipliers of the differential equations. In
order to determine a conservation law one has to also find the related characteristics. Anco and Bluman[20] pro-
vides formulae for finding conservation laws for known characteristics. Infinitely many nonlocal conservation
laws for(1+1)-dimensional evolution equations are revealed by Lou[21]. Symmetry considerations for PDEs were
incorporated by Ibragimov[22] which can be computed by a formula.
This paper is arranged as follows: In Sec.2, the nonlocal symmetries of the coupled Hirota equation are obtained
by using the Lax pair. In Sec.3, we transform the nonlocal symmetries into Lie point symmetries. Then, the
finite symmetry transformations are obtained by solving the initial value problem. In Sec.4, an optimal system
is constructed to classify the group-invariant solutions of the coupled Hirota equation. In Sec.5, based on the
symmetries of prolonged system, nonlocal conservation laws of the coupled Hirota equation are given out. Finally,
some conclusions and discussions are given in Sec.6.
2. Nonlocal symmetries of the coupled Hirota equation
The well-known the Hirota equation[23, 24] reads
iut + α(uxx + 2 |u|2 u) + iβ(uxxx + 6 |u|2 ux) = 0, (1)
α, β are real constants. Eq.(1) is the third flow of the nonlinear Schro¨dinger (NLS)hierarchy which can be used
to describe many kinds of nonlinear phenomenas or mechanisms in the fields of physics,optical fibers,electric
communication and other engineering sciences. Eq.(1)reduces to NLS equation when α = 1, β = 0.
In this section, we shall consider the coupled Hirota equations
iut + α(uxx − 2u2v) + iβ(uxxx − 6uvux) = 0,
ivt − α(vxx − 2v2u) + iβ(vxxx − 6uvvx) = 0,
(2)
Eqs.(2)are reduced to the Eq.(1)when u = −v∗, and ∗ denotes the complex conjugate.
The Lax pair of Eq.(2) has been obtained in[25]
Φx = UΦ,U =


−iλ u
v iλ


(3)
and
Φt = VΦ,V =


a b
c −a


(4)
with
a = −4βiλ3 − 2αiλ2 − 2βiuvλ − αiuv + β(vux − uvx),
b = 4βuλ2 + (2βiux + 2αu)λ + αiux − β(uxx − 2u2v),
c = 4βvλ2 − (2βivx − 2αv)λ − αivx − β(vxx − 2v2u).
(5)
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where u and v are two potentials, the spectral parameter λ is an arbitrary complex constant and its eigenfunction is
Φ = (φ, ψ)T .
To seek for the nonlocal symmetries, we adopt a direct method[26]. First of all, the symmetries σ1, σ2 of the
coupled Hirota equations are defined as solutions of their linearized equations
σ1t − ασ1xxi + 4iασ1uv + 2iαu2σ2 + βσ1xxx − 6βσ1vux − 6βuσ2ux − 6βuvσ1x = 0,
σ2t + ασ2xxi − 4iαuvσ2 − 2iαv2σ1 + βσ2xxx − 6βσ2uvx − 6βuvσ2x − 6βvσ1vx = 0,
(6)
which means equation (2) is form invariant under the infinitesimal transformations
u → u + ǫσ1,
v → v + ǫσ2,
(7)
with the infinitesimal parameter ǫ.
The symmetry can be written as
σ1 = X(x, t, u, v, φ, ψ)ux + T (x, t, u, v, φ, ψ)ut − U(x, t, u, v, φ, ψ),
σ2 = X(x, t, u, v, φ, ψ)vx + T (x, t, u, v, φ, ψ)vt − V(x, t, u, v, φ, ψ),
(8)
Here, X, T,U,V dependent on the auxiliary variables φ and ψ, so one may obtain some different results from
Lie symmetries. Substituting Eq.(8) into Eq.(6) and eliminating ut, vt, φx, φt, ψx, ψt in terms of the closed system,
it yields a system of determining equations for the functions X, T,U,V , which can be solved by virtue of Maple to
give
X = c1 x3 +
2α2c1t
9β + c3,
T (x, t, u, v, φ, ψ) = c1t + c2,
U(x, t, u, v, φ, ψ) = iαc1ux9β + c5u + c4φ2,
V(x, t, u, v, φ, ψ) = ((−6c1−9c5)v+9c4ψ2)β−iαvc1 x9β
(9)
where ci(i = 1, ..., 5) are five arbitrary constants and i2 = −1. It can be seen from the results(9), the results contain
a nonlocal symmetry when c4 , 0.
3. Localization of the nonlocal symmetry
As we all know, the nonlocal symmetries cannot be used to construct explicit solutions directly. Hence, one
need to transform the nonlocal symmetries into local ones[11–13]. In this section, a related system which possesses
a Lie point symmetry that is equivalent to the nonlocal symmetry will be found.
For simplicity, we let c1 = c2 = c3 = c5 = 0, c4 = −1 in formula (9), i.e.,
σ1 = φ
2,
σ2 = ψ
2.
(10)
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To localize the nonlocal symmetry (10), we have to solve the following linearized equations
σ3x + iλσ3 − σ1φ − uσ4 = 0,
σ4x − σ2ϕ − vσ3 − iλσ4 = 0,
(11)
which means that Eqs.(3) invariant under the infinitesimal transformations
φ → φ + ǫσ3,
ψ → ψ + ǫσ4,
(12)
with σ1, σ2 given by (10). It is not difficult to verify that the solutions of (11) have the following forms
σ3 = φ f , σ4 = ψ f , (13)
where f is given by
fx = φψ,
ft = −βφ2vx + 12βλ2φψ + 4λαφψ − βψ2ux + 2βφψuv + 4iλβψ2u − 4iλβφ2v + iαψ2u − iαφ2v.
(14)
It is easy to obtain the following result
σ5 = σ f = f 2. (15)
The results (13) and (15) show that the nonlocal symmetry (10) in the original space {x, t, u, v} has been suc-
cessfully localized to a Lie point symmetry in the enlarged space {x, t, u, v, φ, ψ, f } with the vector form
V1 = φ2
∂
∂u
+ ψ2
∂
∂v
+ φ f ∂
∂φ
+ ψ f ∂
∂ψ
+ f 2 ∂
∂ f . (16)
After succeeding in making the nonlocal symmetry(10) equivalent to Lie point symmetry (16) of the related
prolonged system, we can construct the explicit solutions naturally by Lie group theory. With the Lie point sym-
metry(16), by solving the following initial value problem
du
dǫ = φ
2, u|ǫ=0 = u,
dv
dǫ = ψ
2, v|ǫ=0 = v,
dφ
dǫ = φ f , φ|ǫ=0 = φ,
dψ
dǫ = ψ f , ψ|ǫ=0 = ψ,
d f
dǫ = f 2, f |ǫ=0 = f ,
(17)
the finite symmetry transformation can be calculated as
u =
ǫ f u − εφ2 − u
ǫ f − 1 , v =
ǫ f v − ǫψ2 − v
ǫ f − 1 , φ =
φ
ε f − 1 , ψ =
ψ
ǫ f − 1 , f =
f
ǫ f − 1 , (18)
For a given solution u, v, φ, ψ, f of Eqs.(18), above finite symmetry transformation will arrive at another so-
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lution u¯, v¯. To search for more similarity reductions of Eqs.(2), one should consider Lie point symmetries of the
whole prolonged system and assume the vector of the symmetries has the form
V = X
∂
∂x
+ T
∂
∂t
+ U
∂
∂u
+ V
∂
∂v
+ P
∂
∂p
+ Q ∂
∂q
+ F
∂
∂ f , (19)
which means that the closed system is invariant under the infinitesimal transformations
(x, t, u, p, q, f ) → (x + ǫX, t + ǫT, u + ǫU, φ + ǫP, ψ + ǫQ, f + ǫF),
with
σ1 = X(x, t, u, v, φ, ψ, f )ux + T (x, t, u, v, φ, ψ, f )ut − U(x, t, u, v, φ, ψ, f ),
σ2 = X(x, t, u, v, φ, ψ, f )vx + T (x, t, u, v, φ, ψ, f )vt − V(x, t, u, v, φ, ψ, f ),
σ3 = X(x, t, u, v, φ, ψ, f )φx + T (x, t, u, v, φ, ψ, f )φt − P(x, t, u, v, φ, ψ, f ),
σ4 = X(x, t, u, v, φ, ψ, f )ψx + T (x, t, u, v, φ, ψ, f )ψt − Q(x, t, u, v, φ, ψ, f ),
σ5 = X(x, t, u, v, φ, ψ, f ) fx + T (x, t, u, v, φ, ψ, f ) ft − F(x, t, u, v, φ, ψ, f ).
(20)
with σ1, σ2, σ3, σ4, σ5 satisfy the linearized equations of Eqs.(2,3,4,14). Omitted here because of the formulas are
long-winded.
Substituting Eq.(20) into linearized equations and eliminating ut, vt, φx, φt, ψx, ψt, fx, ft in terms of the closed
system, one arrive at a system of determining equations for the functions X, T,U,V, P, Q, and F, which can be
solved by using Maple to give
X(x, t, u, v, φ, ψ, f ) = c4,
T (x, t, u, v, φ, ψ, f ) = c3,
U(x, t, u, v, φ, ψ, f ) = c2φ2 + c1u,
V(x, t, u, v, φ, ψ, f ) = c2ψ2 − c1v,
P(x, t, u, v, φ, ψ, f ) = (2c2 f+c1+c5)φ2 ,
Q(x, t, u, v, φ, ψ, f ) = (−2c2 f+c1−c5)ψ2 ,
F(x, t, u, v, φ, ψ, f ) = c2 f 2 + c5 f + c6,
(21)
where ci, i = 1, 2, ..., 6 are arbitrary constants.
4. Optimal system of the prolonged system
In general, to each s-parameter subgroup of the full symmetry group, there will correspond a family of group-
invariant solutions. Because there are always an infinite number of subgroups, there is no need to list possible
group-invariant solutions to the system. In this section, an optimal system of one-dimensional subalgebras of
Eq.(2) by using the method presented in Refs.[2, 7] will be constructed.
As it is said in Ref.[2], the problem of finding an optimal system of subgroups is equivalent to finding an
optimal system of subalgebras. From Eqs.(21), the associated vector fields for the one-parameter Lie group of
infinitesimal transformations are six generators given by
v1 =
1
2φ
∂
∂φ
+
1
2ψ
∂
∂ψ
+ f ∂
∂ f , v2 = ϕ
2 ∂
∂u
+ ψ2 ∂
∂v
+ φ f ∂
∂ψ
+ f 2 ∂
∂ f ,
v3 =
∂
∂ f , v4 = u
∂
∂u
− v ∂
∂v
+
1
2φ
∂
∂φ
− 12ψ
∂
∂ψ
, v5 =
∂
∂t , v6 =
∂
∂x
,
(22)
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One can know that v4, v5, v6 are the centers of the group through calculating, so we don’t have to consider them.
Following Ref.[2], two subalgebras v2 and v1 of a given Lie algebra are equivalent if one can find an element g in
the Lie group so that Adg(v1) = v2 where Adg is the adjoint representation of g on v. Given a nonzero vector, for
example,
V = a1v1 + a2v2 + a3v3,
where a j, j = 1, 2, 3 are arbitrary constants. The key task is to simplify as many of the coefficients ai as possible
though judicious applications of adjoint maps to v. In this way, one can get the following results in Table 1 where
α is an arbitrary constant.
Table 1: Optimal Systems
Cases Optimal systems
(a1) a1 , 0, v1
(a2) a3 , 0, v3
(a3) a2 , 0, a3 , 0, , v2 + αv3
5. Nonlocal conservation law of C-H equations
In this section, we briefly present the notations and theorems used in this paper firstly. Consider a system
F{x; u} of N partial differential equations of order s with n independent variables x = (x1, ..., xn) and m dependent
variables u(x) = (u1(x), ..., um(x)), given by
Fα[u] = Fα(x, u, u(1), ..., u(s)) = 0, α = 1, ..., N (23)
where u(1),...u(s) denote the collection of all first, . . ., sth-order partial derivatives. ui = Di(u), D(i j) = D jDi(u), ....
Here Di = ∂∂xi + ui
∂
∂u
+ ui j ∂∂u j + ..., i = 1, 2, ..., n.
Definition 1: A conservation law of PDE system (23) is a divergence expression
DiΦi[u] = D1Φ1[u] + ... + DnΦn[u] = 0 (24)
holding for all solutions of PDE system (23).
It is easy to see that Eqs.(14) determine a nonlocal conservation law, i.e.
Dt( fx) + Dx(− ft) = 0. (25)
Definition 2:[22]. The adjoint equations of Eq. (1) is defined by
F∗α(x, u, v, u(1),m(1), ..., u(s),m(s)) = Euα (mβFβ) = 0, α = 1, 2, ..., N, (26)
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where Euα = ∂∂uα +
s∑
µ=1
(−)µDi1 , ..., Diµ ∂∂uαi1 ,...,iµ denotes the Euler-Lagrange operator, m = m(x) is a new dependent
variable m = (m1,m2, ...,mN).
Theorem 1 :[22]. The system consisting of Eqs.(23) and their adjoint Eqs.(26)



Fα(x, u, u(1), ..., u(s)) = 0,
F∗α(x, u,m, u(1),m(1), ..., u(s),m(s)) = 0,
(27)
has a formal Lagrangian
L = mβFβ(x, u, u(1), ..., u(s)). (28)
Theorem 2:[22] Any Lie point, Lie-Ba¨cklund and non-local symmetry
V = ξi
∂
∂xi
+ ηα
∂
∂uα
, (29)
of Eqs.(23)provides a conservation law Di(T i) = 0 for the system comprising Eqs.(23) and its adjoint Eqs.(26).
The conserved vector is given by
T i = ξiL + WαEuαi (L) + D j(Wα)Euαi j (L) + D jDk(Wα)Euαi jk(L) + ..., (30)
where Wα is the Lie characteristic function
Wα = ηα − ξ juαj ,
and L is determined by Eqs.(28).
Next, we construct the conservation laws Eqs(3). Let us consider the prolonged system, one can obtain the
following results from the above,
ξ1 = c3, ξ
2
= c4, η
1
= c2ϕ
2
+ c1u, η
2
= c2φ
2 − c1v,
η3 = (2c2 f+c1+c5)ϕ2 , η
4
=
(−2c2 f+c1−c5)φ
2 , η
5
= c2 f 2 + c5 f + c6.
and
L = m1(iut + α(uxx − 2u2v) + iβ(uxxx − 6uvux)) + m2(ivt − α(vxx − 2v2u) + iβ(vxxx − 6uvvx)) + m3(−iλφ + uψ)
+m4(vφ + iλψ) + m5(aφ + bψ) + m6(cφ − aψ) + m7(ϕφ) + m8(−βϕ2vx + 12βλ2ϕφ + 4λαϕφ − βφ2ux + 2βϕφuv
+4iλβφ2u − 4iλβϕ2v + iαφ2u − iαϕ2v)
and a, b, c are determined by Eqs.(5).
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Using the theorem 2, one can get the following results by calculation,
T 1 = m1(c3βuxxx + 2iαc3u2v + c2φ2 − c4ux + 2c1u − c3iαuxx − 6c3βuvux) + m2(−6c3βuvvx + c2ψ2 − c4vx
−2c1v + c3βvxxx − 2ic3αuv2 + c3αivxx) + m4(c3iαφuv + c3βuφvx − 2c3βu2vψ − 4c3βλ2ψu − c4ψu − 2c3αλuψ
+c3βψuxx + c4iλφ − c3iαψux − c3βφvux + 2ic3βλuvφ + 2ic3αφλ2c2 fφ + 4ic3βφλ3 − 2ic3βλψux + c5φ + c1φ)
+m6(−c4iλψ − 2ic3βλψuv + c3βvψux − 4c3βφvλ2 + c5ψ + c2 fψ + 2ic3βλφvx − c3iαuvψ − c4vφ + c3βφvxx
−2c3αλφv − 2c3βφuv2 − 4ic3βλ3ψ + c3iαφvx − c3βuψvx − 2c3iαλ2ψ − c1ψ) + m8(−2c3βφuvψ − 4ic3βλuψ2
−c4φψ − 12c3βλ2φψ − 4c3αλφψ − c3iαuψ2 + c2 f 2 + 2c5 f + c6 + c3βφ2vx + c3βψ2ux + 4ic3βλvφ2 + c3iαvφ2)
(31)
and
T 2 = m7(c2 f 2 + 2c5 f + c6 − c3 ft − c4ψφ) + m5(−c3ψt + c5ψ − c1ψ − c4vφ − c4iλψ + c2 fψ) + m8(2c2βψ2φ2
c3βφ
2vt + 2c1βuψ2 − 2c1βvφ2 + c4 ft − 2c4βψφuv − 4ic4βλuψ2 + 4ic4βλvφ2 + c4iαvφ2 − 12c4βλ2ψφ
−4c4λαψφ − c4iαuψ2 − c3βψ2ut) + m6(c4ψt − 4ic1βλvφ − c4iαuvψ − 2ic3βλφvt + 2ic2βλψ2φ + c2βvψφ2
+4c1βuvψ + c2iαψ2φ − c3βvψut + c3βuψvt + 2c2βψφψx − 2c4βuv2φ − 4c4βλ2vφ − 2c4αλvφ − 2ic1αvφ
−iαc3φvt − 4ic4βλ3ψ − 2ic4λ2αψ − 2ic4λβuvψ − c2βψ2φx + c3βvtφx + c4βvxφx − 2c1βvxφ − c2βuψ3
−c3βφvxt) + m4(c4φt − 4c1βuvφ + c2βuψ2φ − c3βuφvt + 2c2βφψφx − 2c4βu2vψ − 4c4βλ2uψ − 2c4λαuψ
+c3βvφut + c3iαψut − c2iαψφ2 − 2c1iαuψ + 4ic4βλ3φ + 2ic4αλ2φ + ic4αuvφ + 2ic3βλψut − 2ic2βλψφ2
−4ic1βλψu + 2ic4βλuvφ − c3βψuxt − c2βφ2ψx − 2c1βuψx + c3βψxut + c4βψxux + 2c1βψux − c2βφ3v)
+m2(2c2βψψxx − 6c2βuvψ2 − 2c1βvxx + 12c1βuv2 − ic3αvxt + 2ic2αψψx − 2ic4αuv2 + c4vt + 6c3βuvvt
−2ic1αvx + 2c2βψ2x − c3βvxxt) + m1(−2ic1αux + c4ut + ic3αuxt + 2c1βuxx + 2c2βφφxx + 6c3βuvut − 12c1βvu2
−2ic2αφφx + 2c2βφ2x − c3βuxxt − 6c2βuvφ2 + 2ic4αu2v) + m3(−c4uψ + c5φ + ic4λφ + c1φ + c2φ f − c3φt)−
2c1βuxm1x + 2c1βvxm2x + ic2αφ2m1x − c2βψφ2m4x − 2c1βuψm4x − ic4αuxm1x − ic2αψ2m2x + 2iαc1vm2x+
2iαc1um1x + c4βψuxm4x + ic4αvxm2x + ic3αvtm2x − c2βψ2φvxm6x + c4βφvxm6x + c3βφvtm6x + 2c1βφvm6x
−2c2βφφxm1x − 2c2βψψxm2x − c3βvtm2xx + c3βvxtm2x − c3βutm1xx + c3βuxtm1x + c2βφ2m1xx + 2c1βum1xx
−c4βuxm
1
xx + c2βψ
2m2xx − c4βvxm
2
xx − 2c1βvm2xx + c4βm1xuxx + c4βm2xvxx − ic3αm1xut + c3βψm4xut
(32)
where m1t ,m2t ,m3x,m5x,m7x can be obtained by using (26) and (28). Because the formulas are complicated, so here
we omit.
Through the verification, T 1, T 2 satisfy the equation(24),i.e.
Dt(T 1) + Dx(T 2) = 0, (33)
thus, Eqs.(31),(32) define the corresponding components of a non-local conservation law for the system of Eqs.
(2).
Remark1: For the coupled Hirota equations (2), we get its conservation laws by making use of the explicit
solution of the adjoint equations of Eqs. (2). But the number of the adjoint equations is less than the number of
variables, so T 1, T 2 have arbitrary functions, we can conclude that Eqs.(2) have infinitely many conservation laws.
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6. Summary and Discussion
In this paper, the nonlocal symmetry of coupled Hirota equations is obtained by using the lax pair and localized
by introducing an auxiliary dependent variable. Then, the primary nonlocal symmetry is equivalent to a Lie point
symmetry of a prolonged system. On the basis of this system, the one-dimensional subalgebras of a Lie algebra
have been classified and the reductions of coupled Hirota equations are given out by using the associated vector
fields. On the one hand, non-trivial nonlocal conservation laws of the coupled Hirota equation are obtained by
means of these formulas. For general evolution equation, the nonlocal conservation laws may be not enough to
guarantee the integrability. However, it must be useful to help to understand the special solutions of the nonlinear
systems.
This method would be possible to extend to many other interesting integrable models. However, there is not a
universal way to estimate what kind of nonlocal symmetries can be localized to some related prolonged system, so
there are still many questions worth to study. Moreover, one can construct infinitely many nonlocal symmetries by
introducing some internal parameters from the seed symmetry and infinitely many nonlocal conservation laws of
the completely integrable finite-dimensional systems. Above topics will be discussed in the future series research
works.
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